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Abstract—This paper presents a method to solve the dis-
tributed convex optimization problem in a fixed time for
continuous-time multi-agent systems under time-varying com-
munication topology. A novel distributed nonlinear protocol is
proposed to minimize the sum of convex objective functions
within a fixed time. Each agent in the network can access
only its private objective function, while exchange of local
information is permitted between the neighbors only. Earlier
work in literature considers distributed optimization protocols for
multi-agent systems that achieve convergence of the estimation
error in a finite time for static communication topology. To
the best of our knowledge, this study investigates first such
protocol for achieving distributed optimization in a fixed time
that is independent of the initial conditions, for time-varying
communication topology. We propose an algorithm that achieves
consensus on states of the agents and their convergence to a global
optimum of the cumulative objective function within a fixed time.
Numerical examples corroborate our theoretical analysis.

I. INTRODUCTION

Over the past decade, distributed optimization problems for
multi-agent systems have received considerable attention due
to the size and complexity of datasets, privacy concerns and
communication constraints among multiple agents [1], [2], [3],
[4], [5]. These distributed convex optimization problems take
the following form:

min
x∈Rd

F (x) =

N∑
i=1

fi(x), (1)

where F (·) is the team objective function, and convex function
fi : Rd → R represents the local objective function of the
ith agent. Distributed optimization problems find applications
in several domains including, but not limited to, sensor
networks [6], formation control [7], satellite tracking [8], and
large-scale machine learning [9]. Most of the prior work on
distributed convex optimization is primarily concerned with
discrete-time algorithms [1], [10], [11]. In recent years, the
use of dynamical systems for continuous-time optimization
has emerged as a viable alternative [2], [4], [5], [12], [13],
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[14], [15], [16]. Continuous dynamical systems for solving
optimization problems have been shown to be efficiently
implementable using analog electronic circuits [17], [18].
Moreover, this viewpoint enables use of tools from Lyapunov
theory and differential equations for analysis and design of
optimization procedures.

The notion of finite-time convergence in optimization is
closely related to finite-time stability [19] in control theory. In
contrast to asymptotic stability (AS), finite-time stability is a
concept that guarantees convergence of solutions in a finite
amount of time. In [2], a continuous-time zero-gradient-sum
(ZGS) with exponential convergence rate was proposed, which,
when combined with a finite-time consensus protocol, was
shown to achieve finite-time convergence in [12]. A drawback
of ZGS-type algorithms is the requirement of strong convexity
of the local objective functions and the choice of specific initial

conditions {xi(0)} for the agents such that
N∑
i=1

∇fi(xi(0)) =

0. In [4], a novel continuous-time distributed optimization
algorithm, based on private (nonuniform) gradient gains, was
proposed for convex functions with quadratic growth, and
achieves convergence in finite time. A finite-time tracking
and consensus-based algorithm was recently proposed in [15],
which again achieves convergence in finite time under a time-
invariant communication topology.

Fixed-time stability (FxTS) [20] is a stronger notion than
finite-time stability (FTS), where the time of convergence
does not depend upon the initial condition. To the best of
our knowledge, distributed optimization procedures with fixed-
time convergence have not been addressed in the literature.
Many practical applications, such as time-critical classifica-
tion, autonomous distributed systems for surveillance and
economic dispatch in power systems, often undergo frequent
and severe changes in operating conditions, and thus require
quick availability of the optimal solution from any initial
condition. This paper addresses this issue by proposing a
novel nonlinear distributed convex optimization algorithm with
provable fixed-time convergence characteristics under time-
varying communication topology. The proposed procedure is
a distributed tracking and consensus-based algorithm, where
both average consensus and tracking are achieved in fixed
time. Assumptions on strong convexity are also relaxed, and
thus the proposed algorithm generalizes to a broader class
of convex objective functions. Although the theory presented
in this paper is for continuous-time systems, the numerical
examples presented in Section IV are implemented using
forward-Euler discretization scheme. The simulation results
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illustrate that the proposed method gives similar convergence
performance as predicted by theory when simple discretization
schemes are implemented, and hence, can be used in practice.
We also evaluate computational performance of discrete-time
approximation of the proposed continuous-time algorithm for
several step-sizes in terms of wall-clock time and convergence
rate.
A note on mathematical notations: We use R to denote
the set of real numbers and R+ to denote non-negative real
numbers. Given a function f : Rd → R, the gradient and the
Hessian of f at some point x ∈ Rd are denoted by ∇f(x) and
∇2f(x), respectively. Number of agents or nodes is denoted
by N . Given x ∈ Rd, ‖x‖ denotes the 2-norm of x. G =
(A(·),V) represents an undirected graph with the adjacency
matrix A(t) = [aij(t)] ∈ RN×N , aij ∈ {0, 1} and the set of
nodes V = {1, 2, · · · , N}, where A(t) can vary with time t.
The set of 1-hop neighbors of node i ∈ V(t) is represented by
Ni(t), i.e., Ni(t) = {j ∈ V | aij(t) = 1}. The second smallest
eigenvalue of a matrix is denoted by λ2(·). Finally, we define
the function signµ : Rd → Rd as

signµ(x) = x‖x‖µ−1, µ > 0, (2)

and sign(x) , sign0(x).

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Problem statement

Consider the system consisting of N nodes with graph
structure G(t) = (A(t),V) specifying the communication links
between the nodes for t ≥ 0. The objective is to find x∗ ∈ Rd

that solves

min
x1,x2.··· ,xN

N∑
i=1

fi(xi),

s.t. x1 = x2 = · · · = xN .

(3)

In this work, we assume that the minimizer x∗ = x∗1 =
x∗2 = · · · = x∗N for (3) exists and is unique. In contrast to
prior work (e.g. [12], [14]), we do not require the objective
functions fi to be strongly convex, or of a particular functional
form. Furthermore, in contrast to [12], where the initial
conditions {xi(0)} are required to satisfy some conditions,
e.g.,

∑
i∇fi(xi) = 0, we do not impose any such conditions.

In other words, we show fixed-time convergence for arbitrary
initial conditions. We make the following assumption on the
inter-node communications.

Assumption 1. The communication topology at any time
instant t between the agents is connected and undirected, i.e.,
the underlying graph G(t) = (A(t),V) is connected and A(t)
is a symmetric matrix for all t ≥ 0.
Assumption 2. Functions fi are convex, twice differentiable
and the Hessian ∇2F (x) =

∑N
i=1∇2fi(x) is invertible for

all x ∈ Rd.
Remark 1. Assumption 2 is fairly relaxed and easily satisfied
even if just one of the objective functions is strictly convex.
Assumption 2 also implies that x = x∗ is a minimizer if and
only if it satisfies

∑n
i=1∇fi(x∗) = 0.

Assumption 3. Each node i receives xj ,∇fj(xj),∇2fj(xj)
from each of its neighboring nodes j ∈ Ni.

Let xi ∈ Rd represent the state of agent i. We model agent
i as a first-order integrator system, given by:

ẋi = ui, (4)

where ui ∈ Rd can be regarded as a control input, that depends
upon the states of the agent i, and the states of the neighboring
agents j1, j2, · · · , jl ∈ Ni. The problem statement is formally
given as follows.
Problem 1. Design a distributed control algorithm, i.e., design
ui for each agent i ∈ V , such that x1 = x2 = · · · = xN = x∗

is achieved under (4) within a specified fixed time, for any
initial condition {x1(0), x2(0), · · · , xN (0)}, where x∗ is the
minimizer of the team objective function F =

∑
i fi in (1),

i.e., xi(t) = x∗, for all i ∈ V , for t ≥ T , where T < ∞ is
user-defined constant.
B. Overview of FxTS

In this section, we present relevant definitions and results
on FxTS. Consider the system:

ẋ(t) = f(x(t)), (5)

where x ∈ Rd, f : Rd → Rd and f(0) = 0. As defined
in [19], the origin is said to be an FTS equilibrium of (5)
if it is Lyapunov stable and finite-time convergent, i.e., for
all x(0) ∈ D \ {0}, where D is some open neighborhood of
the origin, limt→T x(t) = 0, where T = T (x(0)) < ∞. The
authors in [20] presented the following result for fixed-time
stability, where the time of convergence does not depend upon
the initial condition.
Lemma 1 ([20]). Suppose there exists a positive definite
continuously differentiable function V : Rd → R for system
(5) such that

V̇ (x(t)) ≤ −aV (x(t))p − bV (x(t))q, (6)

with a, b, p, q > 0, p < 1 and q > 1. Then, x(t) = 0 in (5) is
FxTS, i.e., x(t) = 0 for all t ≥ T , where the settling time T
satisfies

T ≤ 1

a(1− p)
+

1

b(q − 1)
. (7)

If V is radially unbounded, i.e., V (x) → ∞ as ‖x‖ → ∞,
and (6) holds for all x ∈ Rd, then the origin is globally FxTS.

C. Overview of Graph Theoretical Results
We first present some Lemmas that will be useful in proving

our claims on fixed-time parameter estimation and consensus
protocols 1.

Lemma 2 ([22], [23]). Let zi ∈ R+ for i ∈ {1, 2, · · · , N},
N ∈ Z+. Then the following hold:

N∑
i=1

zpi ≥
( N∑
i=1

zi

)p
, 0 < p ≤ 1, (8a)

N∑
i=1

zpi ≥ N
1−p
( N∑
i=1

zi

)p
, p > 1. (8b)

1We refer the readers to [21] for an overview of graph theory for multiagent
systems.
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Lemma 3. Let G = (A,V) be an undirected graph consisting
of N nodes located at xi ∈ Rd for i ∈ {1, 2, · · · , N} and Ni
denotes the in-neighbors of node i. Then,

N∑
i=1

∑
j∈Ni

sign(xi − xj) = 0. (9)

Lemma 4. Let w : Rd → Rd be an odd function, i.e., w(x) =
−w(−x) for all x ∈ Rd and let the graph G = (A,V) be
undirected. Let {xi} and {ei} be the sets of vectors with i ∈ V
and xij , xi−xj and eij , ei−ej . Then, the following holds

N∑
i,j=1

aije
T
i w(xij) =

1

2

N∑
i,j=1

aije
T
ijw(xij). (10)

Lemma 5. Let G = (A,V) be an undirected, connected graph.
Let LA , [lij ] ∈ RN×N be graph Laplacian matrix given by:

lij =


N∑

k=1,k 6=i
aik, i = j

−aij , i 6= j

.

Then the Laplacian LA has following properties:
1) LA is positive semi-definite and λ2(LA) > 0.
2) LA1N = 0N .

3) xTLAx =
1

2

N∑
i,j=1

aij(xj − xi)2.

4) If 1Tx = 0, then xTLAx ≥ λ2(LA)xTx.

III. MAIN RESULT

Our approach to fixed-time multi-agent distributed optimiza-
tion is based on first designing a centralized fixed-time protocol
that relies upon global information. Then, the quantities
in the centralized protocol are estimated in a distributed
manner. In summary, the algorithm proceeds by first estimating
global quantities (g∗ as defined in (12)) required for the
centralized protocol, then driving the agents to reach consensus
(xi(t) = x̄(t) for all i ∈ V), and finally driving the common
trajectory x̄(t) to the optimal point x∗, all within a fixed time
T . Recall that agents are said to have reached consensus on
states xi if xi = xj for all i, j ∈ V . To this end, we define
first a novel centralized fixed-time protocol in the following
theorem. Note that in the centralized setting, the states of all
the agents are driven by the same input g∗ and are initialized
to the same starting point. In a distributed setting, this behavior
translates to agents having reached consensus and subsequently
being driven by a common input (see Remark 2).

Theorem 1 (Centralized fixed-time protocol). Suppose the
dynamics of each agent i ∈ V in the network is given by:

ẋi = g∗, and xi(0) = xj(0) for all i, j ∈ V, (11)

where g∗ is based on global (centralized) information as
follows:

g∗ = −

(
N∑
i=1

∇2fi(x)

)−1( N∑
i=1

∇fi+signl1
(

N∑
i=1

∇fi(x)

)

+signl2
(

N∑
i=1

∇fi(x)

))
(12)

where l1 > 1 and 0 < l2 < 1, and xi(t) = x(t) for each i ∈ V ,
for all t ≥ 0. Then the trajectories of all agents converge to
the optimal point x∗, i.e., the minimizer of the team objective
function (3) in a fixed time T̄ > 0.

Proof: Consider a candidate Lyapunov function as V (x) =
1
2 (
∑N
i=1∇fi(x))T (

∑N
i=1∇fi(x)). Observe that, per Assump-

tion 2, V (x∗) = 0, V is positive definite and is radially
unbounded. By taking its time-derivative along (11), we obtain:

V̇ =

(
N∑
i=1

∇fi(x)

)T ( N∑
i=1

∇2fi(x)ẋi

)

= −

(
N∑
i=1

∇fi

)T ( N∑
i=1

∇fi + signl1
(

N∑
i=1

∇fi

)

+signl2
(

N∑
i=1

∇fi

))
,

= −2V − ‖
N∑
i=1

∇fi‖l1+1 − ‖
N∑
i=1

∇fi‖l2+1

≤ −2
1+l1

2 V
1+l1

2 − 2
1+l2

2 V
1+l2

2 .

With l1 > 1, l2 < 1, we have that 1+l1
2 > 1 and 1+l2

2 < 1.
Hence, using Lemma 1, it follows that there exists T̄ > 0 such
that V (x(t)) = 0 for all t ≥ T̄ , where

T̄ ≤ 2

2
1+l1

2 (l1 − 1)
+

2

2
1+l2

2 (1− l2)
.

Since V = 0 implies
∑N
i=1∇fi(x) = 0, we have that x(t) =

x∗ for all t ≥ T̄ . Hence, the trajectories of (11) reach the
optimal point x∗ in a fixed time T̄ , starting from any initial
condition.

Remark 2. Theorem 1 represents a centralized protocol for
convex optimization of team objective functions. Here, the
agents are already in consensus and have access to global

information
N∑
i=1

∇2fi(x) and
N∑
i=1

∇fi(x). In the distributed

setting, agents only have access to their local information, as
well as ∇2fj(xj), ∇fj(xj) for all j ∈ Ni(t), and will not be
in consensus in the beginning. Below we propose schemes for
estimation of global quantities that achieve consensus in fixed
time.

For each agent i ∈ V , define gi(t) as:

gi(t) = −

N
θ

T
i1(t)

...
θTid(t)




−1 (
Nθi0(t) + signl1(Nθi0(t))

+signl2(Nθi0(t))
)
, (13)

where gi(t) denotes agent i’s estimate of g∗ and θi : R+ →
Rd2+d is the (vectorized) estimates of the global (centralized)
quantities, whose dynamics is given as

θ̇i(t) = ωi(t) + hi(t), (14)

where hi satisfies

hi =
d

dt
γi(t). (15)
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where γi(t) =


∇fi(xi(t))
∇2fTi1(xi(t))
∇2fTi2(xi(t))

...
∇2fTid(xi(t))

 and ∇2fij(xi(t)) denotes the j-

th column of the matrix ∇2fi(xi). The input ω : R+ → Rd2+d,
defined as

ωi = p
∑
j∈Ni

(
sign(θj − θi) + γsignν1(θj − θi)

+ δsign(θj − θi)ν2
)
, (16)

where p, γ, δ > 0, and 0 < ν2 < 1 < ν1, helps achieve
consensus over the quantities θi, as shown below. Let θi(t) =
[θi0(t), θi1(t), . . . , θid(t)]

T . Note that {θi} are updated in a
distributed manner.

Assume that ‖hi − hj‖ ≤ ρ for all t ≥ 0, for some
ρ > 0. Although the assumption is somewhat restrictive, it
can be easily satisfied if the graph is connected for all time
t, the gradients, derivatives of Hessians and gradients, and
partial derivatives of gradients’ derivatives are bounded. Many
common objective functions, such as quadratic cost functions
satisfy this assumption. Under this assumption, we can state
the following results.
Lemma 6. Consider a network of N agents, with {θi}, {hi}
and {ωi}, as defined in (14), (15) and (16), respectively. Let
‖hi(t) − hj(t)‖ ≤ ρ for some ρ > 0 and all t > 0, and
the control gain p in (16) satisfies p > N−1

2 ρ; then there
exists a fixed-time T1 > 0, such that for each agent i ∈ V ,

θi(t) =
1

N

N∑
j=1

θj(t) for all t ≥ T1.

Proof: The time derivative of θi is given by:

θ̇i = ωi + hi

= p
∑
j∈Ni

(
sign(θj − θi) + γsignν1(θj − θi)

+ δsign(θj − θi)ν2
)

+ hi.

Define θji , θj − θi, and the mean of θi’s by θc ,
1

N

N∑
j=1

θj .

The difference between an agent i’s state θi and the mean θc
of all agents’ states is denote by θ̃i , θi − θc. Similarly, θ̃ji
represents the difference

(
θ̃j − θ̃i

)
. Then the time-derivative

of θ̃i is given by:

˙̃
θi =

1

N

N∑
j=1

(ωi − ωj) +
1

N

N∑
j=1

(hi − hj) (17)

Consider the candidate Lyapunov function, V =
1

2

N∑
i=1

θ̃Ti θ̃i.

Again, note that this candidate Lyapunov function is positive
definite and radially unbounded. Taking its time-derivative
along the trajectories of (17) gives:

V̇ =
1

N

N∑
i,j=1

θ̃Ti (ωi − ωj)︸ ︷︷ ︸
V̇1

+
1

N

N∑
i,j=1

θ̃Ti (hi − hj)︸ ︷︷ ︸
V̇2

. (18)

From (16), the first term V̇1 is rewritten as:

V̇1 =
1

N

N∑
i=1

θ̃Ti

N∑
j=1

(
ωi − p

∑
k∈Nj

(
sign(θk − θj)

+ γsignν1(θk − θj) + δsign(θk − θj)ν2
))

(9)
=

1

N

N∑
i=1

θ̃Ti

N∑
j=1

ωi =

N∑
i=1

θ̃Ti ωi

= p

N∑
i=1

θ̃Ti
∑
j∈Ni

(sign(θji) + γsignν1(θji) + δsign(θji)
ν2)

(10)
=

p

2

N∑
i=1

∑
j∈Ni

θ̃Tij (sign(θji) + γsignν1(θji) + δsign(θji)
ν2)

= −p
2

N∑
i=1

∑
j∈Ni

(
‖θ̃ij‖+ γ‖θ̃ij‖ν1+1 + δ‖θ̃ij‖ν2+1

)
,

(19)

where the last equality follows from θ̃ij = (θi−θc)−(θj−θc) =
θij . Similarly, the second term in (18) is rewritten as:

V̇2 =
1

2N

N∑
i,j=1

θ̃Tij (hi − hj) ≤
1

2N

N∑
i,j=1

‖θ̃ij‖‖hi − hj‖

≤ ρ

2N

N∑
i,j=1

‖θ̃ij‖ ≤
ρ

2N

N max
i

N∑
j=1,j 6=i

‖θ̃ij‖


≤ ρ

2

(N − 1)

2

N∑
i=1

∑
j∈Ni

‖θ̃ij‖. (20)

Thus, from (19) and (20), it follows that

V̇ ≤ −1

2

(
p− ρ (N − 1)

2

) N∑
i=1

∑
j∈Ni

‖θ̃ij‖

− 1

2
pγ

N∑
i=1

∑
j∈Ni

‖θ̃ij‖ν1+1 − 1

2
pδ

N∑
i=1

∑
j∈Ni

‖θ̃ij‖ν2+1

≤ −1

2
pγ

N∑
i=1

∑
j∈Ni

‖θ̃ij‖ν1+1 − 1

2
pδ

N∑
i=1

∑
j∈Ni

‖θ̃ij‖ν2+1

≤ −pγ
2

N∑
i=1

N∑
j=1

(
aij‖θ̃ij‖2

)κ1

− pδ

2

N∑
i=1

N∑
j=1

(
aij‖θ̃ij‖2

)κ2

,

(21)

where κ1 = 1+ν1
2 , κ2 = 1+ν2

2 , and {aij} are the elements
of the adjacency matrix A. Define ηij = aij‖θ̃ij‖2 and ζij =
aij‖θ̃ij‖2. With this, and using the fact that ν1 > 1 and ν2 < 1,
we obtain:

V̇ ≤ −pγ
2

N∑
i=1

N∑
j=1

ηκ1
ij −

pδ

2

N∑
i=1

N∑
j=1

ζκ2
ij

(8)
≤ −pγ

2
N2(1−κ1)

 N∑
i,j=1

ηij

κ1

− pδ

2

 N∑
i,j=1

ζij

κ2

.

(22)
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Define define the error vector θ̃ =
[
θ̃1 θ̃2 · · · θ̃N

]T
. Using

this, we obtain
N∑

i,j=1

ηij =

N∑
i,j=1

aij‖θ̃ij‖2 = 2θ̃TLAθ̃ ≥ 2λ2(LA)θ̃T θ̃ = cV,

where c = 4λ2(LA). Similarly, we obtain
N∑

i,j=1

ζij =

N∑
i,j=1

aij‖θ̃ij‖2 = 2θ̃TLAθ̃ ≥ 2λ2(LA)θ̃T θ̃ = cV.

With this, we obtain that

V̇ ≤ −pγ
2
N2(1−κ1)cκ1V κ1 − pδ

2
cκ2V κ2 .

With ν1 > 1, we have κ1 > 1, and with ν2 < 1, we
have κ2 < 1. Hence, using Theorem 1, we obtain that
V = 0, i.e., θi(t) = θc(t), for all t ≥ T1, where T1 ≤

2
pγN2(1−κ1)cκ1 (κ1−1)

+ 2
pδcκ2 (1−κ2)

.
Now we are ready to present the Theorem 2 and its proof.

Theorem 2 (Fixed-time parameter estimation). Let ωi(0) =
0d2+d for each i ∈ V , i.e., agents initialize their local states
at origin, and the control gain p in (16) is sufficiently large,
more precisely, p > N−1

2 ρ. Then there exists a fixed-time
0 < T1 < ∞ such that gi(t) = gj(t) for all i, j ∈ V and
t ≥ T1.

Proof: The proof follows directly from Lemma 6. Since,
the quantities {gi} are derived from {θi}, it must be that
gi(t) = gj(t) for all t ≥ T1 and for each i, j ∈ V .

Remark 3. Theorem 2 states that if the control gain p
is sufficiently large, then the agents estimate the global

information
N∑
i=1

∇2fi(xi) and
N∑
i=1

∇fi(xi) in a distributed

manner. Theorem 2 only guarantees that gi(t) = gj(t) for
all i, j ∈ V and t ≥ T1. However, in order to employ the
centralized fixed-time protocol, agents must additionally reach
consensus in their states {xi}, so that gi(t) maps to g∗ for
each agent i ∈ V .

In order to achieve consensus and optimal tracking, we
propose the following update rule for each agent i ∈ V in the
network:

ui = ũi + gi, (23)

where gi is as described in (13), and ũi is defined as locally
averaged signed differences:

ũi = q
∑
j∈Ni

(
sign(xj − xi) + αsignµ1(xj − xi)

+ βsignµ2(xj − xi)
)
, (24)

where q, α, β > 0, µ1 > 1 and 0 < µ2 < 1. The following
results establish that the state update rule for each agent
proposed in (23) ensures that the agents reach global consensus
and optimality in fixed-time.

Theorem 3 (Fixed-time consensus). Under the effect of
update law ui (23) with ũi defined as in (24), and gi(t) = gj(t)
for all t ≥ T1 and i, j ∈, the closed-loop trajectories of (4)

converge to a common point x̄ for all i ∈ V in a fixed time T2,
i.e., xi(t) = x̄(t) for all t ≥ T1 + T2.

Proof: The proof follows from Lemma 6 and the fact that
gi(t) = gj(t) for all t ≥ T1, i, j ∈ V . Thus, for t ≥ T1, the
dynamics of agent i in the network is described by:

ẋi = ũi + gi, (25)

with ‖gi − gj‖ = 0 for all i, j ∈ V . Moreover, ũi has a form
similar to ωi. Thus, from Lemma 6, it follows that there exists
a T2 > 0 such that xi(t) =

1

N

∑N
j=1 xj(t) for t ≥ T1 + T2,

where T2 satisfies T2 ≤ 2
qαN2(1−τ1)c̃τ1 (τ1−1)

+ 2
qβc̃τ2 (1−τ2) ,

where τ1 ,
1 + µ1

2
, τ2 ,

1 + µ2

2
, and c̃ > 0 is an appropriate

constant.
Finally, the following corollary establishes that the agents

track optimal point in a fixed-time.

Corollary 1 (Fixed-time distributed optimization). Let each
agent i ∈ V in the network be driven by the control input ui
(23). If the agents operate under consensus, i.e., xi(t) = xj(t),
and additionally, gi(t) = gj(t) for all i, j ∈ V and t ≥
T1 + T2, where T1 and T2 are described in Theorems 2 and 3,
respectively, then the agents track the minimizer of the team
objective function in a fixed time.

Proof: The proof follows directly from previous results.
From Theorems 2 and 3, it follows that gi(t) = g∗(t) and
ũi(t) = 0 for all i ∈ V , t ≥ T1 + T2. Thus, the conditions of
the centralized fixed-time protocol in Theorem 1 are satisfied,
and therefore, there exists T3 <∞, such that xi(t) = x∗ for
all i ∈ V , t ≥ T1 + T2 + T3. Here x∗ is an optimal solution
to the distributed optimization problem (3).

There may exist some communication link failures or
additions among agents in a network, which results in a
time-varying communication topology. We model the under-
lying graph G(t) = (A(t),V) through a switching signal
χ(t) : R+ → Θ as G(t) = Gχ(t), where Θ is a finite set
consisting of index numbers associated to specific adjacency
matrices.

Corollary 2 (Time-varying topology). Corollary 1 continues
to hold even if communication topology switches among Θ for
the multi-agent system described in (4).

Proof: From the expression of the Lyapunov functions
V in Theorem 1 and Lemma 6, it can be observed that V is
independent of the choice of the underlying communication
topology. Only place where the underlying network topology
shows up explicitly is the expression for the settling time in
Lemma 6, where constant c is a function of the underlying
graph. Let λ∗2 denote the minimum of the second smallest
eigenvalues of graph Laplacians of the associated adjacency
matrices, i.e., λ∗2 = minλ2(LA(t)). Since Θ is a finite set,
the minimum exists. Moreover, the underlying graph is always
assumed to be connected, and thus λ∗2 > 0. Let us re-define c as
4λ∗2. Then the expressions for settling-time, as well as Lyapunov
functions become independent of the network topology, and
thus Corollary 1 continues to hold.
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The overall fixed-time distributed optimization protocol
is described in Algorithm 1. Note that the total time of
convergence T̄ = T1 + T2 + T3 depends upon the design
parameters and is inversely proportional to p, q, α, β, γ, δ.
Hence, for a given user-defined time budget T , one can choose
large values of these parameters so that T̄ ≤ T , and hence,
convergence can be achieved within user-defined time T .

Algorithm 1 Fixed-time distributed optimization algorithm.
1: procedure FXTS DIST OPT((A,V), f(·))
2: Initialize parameters: p, q, l1, l2, ν1, ν2, µ1, µ2

3: For each agent i ∈ V:
4: FxTS Parameter Estimation
5: while t < T1, (i.e., gi(t) 6= gj(t) for all j ∈ Ni) do
6: Simulate (14) using control law (16)
7: end while
8: FxTS Consensus
9: while t < T1 + T2, (i.e., xi(t) 6= xj(t) for all j ∈ Ni)

do
10: Simulate (4) using control law (23)
11: end while
12: FxTS Optimal Tracking
13: while t < T1 + T2 + T3, (i.e., x̄(t) 6= x∗) do
14: Continue simulating (4) using control law (23)
15: end whilereturn x∗

16: end procedure

IV. NUMERICAL EXAMPLES

In this section, we present numerical examples demonstrating
the efficacy of the proposed method. We use semilog-scale
to clearly show the variation near the origin, while we show
the linear-scale plot in the inset of each figure. Simulation
parameters in Theorems 1-3 can be chosen arbitrarily as long
as the respective conditions are satisfied. We execute the
computation using MATLAB R2018a on a desktop with a
32GB DDR3 RAM and an Intel Xeon E3-1245 processor
(3.4 GHz). It should be noted that MATLAB code used
for implementations is not fully optimized (eg. loop-based
implementation is used over matrix manipulation), however,
our approach still highlights accelerated convergence behavior
in wall-clock time.

A. Example 1: Distributed Optimization with Heterogeneous
Convex Functions and Time-Varying Topology

We present a case study where multiple agents aim to
minimize the sum of heterogeneous private functions in fixed-
time. A graph consisting of 101 nodes is considered with the
local and private objective functions fi(xi) described by:

fi(xi) =
1

2
(xi − i)2 + 0.24(xi − i)4, (26)

so that each fi is convex for i ∈ {1, 2, · · · , 101}. It can
be easily shown that x∗ = N+1

2 = 51. The communication
topology switches randomly between the line, ring and star-
topologies (see Figure 1) every 2.5s. For simplicity, we use
µ1 = l1 = ν1 = 1.1, µ2 = l2 = ν2 = 0.9, q = p = 1010,

α = γ = 10 and β = δ = 10 in (24), (12) and (16). With
these parameters, we obtain that T1 ≤ 2.92, T2 ≤ 2.92 and
T3 = T̄ ≤ 20.01, which implies final time of convergence is
Tc ≤ T1 + T2 + T3 = 25.85.

Fig. 1. Various graph-topology used in the numerical example.

Figure 2 shows the variation of
∑
i∇fi(xi) with time for

various initial conditions xi(0) and θi(0). For various initial
conditions, ∇F (x) drops to the value of 1e−6 within Tc units.
Figure 3 plots the maximum maxi(|xi(t)−x∗|) with time and
shows the convergence of the individual xi to the optimal point
x∗ = 51 well within Tc units. Also, the wall-clock time for
each initial condition is around 81 seconds, with about 27000
discrete iterations. So, the wall-clock time per iteration is about
0.003 seconds.

B. Example 2: Distributed Support Vector Machine

Required data sharing (gradients, parameter updates) raises
issues in data-parallel learning due to the increased compu-
tational and communication overhead. In distributed (data-
parallel) learning, minibatches are split across multiple nodes,
where each node (agent) computes necessary gradients at the
local level and then all the agents aggregate their gradients
to perform parameter updates. Interestingly, the distributed
optimization algorithm proposed in this paper can be employed
to perform data-parallel learning with limited communication
among the agents. For illustration, consider the following linear
SVM example, where functions fi are given as:

fi(xi) =
1

2
‖xi‖2 +

m∑
j=1

max{1− lijxTi zij , 0}. (27)

Here xi, zij ∈ R2, lij ∈ {−1, 1} represent separating
hyperplane parameters of the ith agent, data points allocated to
ith agent and corresponding labels, respectively.2 The vectors
zij are chosen from a random distribution around the line
x = y, so that the solution, i.e., the separating hyperplane, to
the minimization problem min

∑
i fi(xi) is the vector [1, −1].

In this case, we consider a network consisting of 5 nodes
connected in a line graph with m = 100 randomly distributed
points per agent. Figure 4a shows the distribution of zij
symmetrically around the line x = y.

For this case, the parameters were set to µ1 = l1 = ν1 = 1.2,
µ2 = l2 = ν2 = 0.8, q = p = 50, α = γ = β = 1, δ = 10.
With these parameter values, we obtain that T1, T2 ≤ 0.3 and
T3 = T̄ ≤ 10.02, which implies final time of convergence
satisfies Tc ≤ T1 + T2 + T3 = 10.62 units.

Figure 4b illustrates the variation of ∇F (x) =
∑
i∇fi(x).

The maximum of differences between states of any two agents,

2Since the proposed method assumes that the functions fi are twice
differentiable, we use function g(0, a) = 1

µ
log(1 + eµa) with large values

of µ to smoothly approximate max{0, a}.
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Fig. 2. Example 1 - The gradient of the objective function
∑
i∇fi(xi)

with time for various initial conditions xi(0) and θi(0).
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Fig. 3. Example 1 - Individual states xi(t) with time. The states converge
to the optimal point x∗.
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Fig. 4. Example 2 - (a) Distribution of points zij around the line x = y
(red dotted line). Blue and red stars denote the points corresponding to
lij = −1 and lij = 1, respectively. (b) The gradient of the objective
function ∇F (x) =

∑
i∇fi(xi) with time. (c) Maximum difference

between the states max(xi−xj) with time. (d) Individual states xi(t)
with time. The states converge to the optimal point x∗.

max(‖xi − xj‖), is illustrated in Figure 4c. Figure 4d plots
the convergence behavior of the state error xi − x∗.

V. EFFECTS OF EXPONENTS AND DISCRETIZATION

For Example 1, we performed a sensitivity analysis by
varying the parameters µ1, µ2 to observe the effect of the
exponents on the convergence time. We keep µ1 = l1 = ν1

3 4 5 6 7 8 9 10

10
0

10
5

Fig. 5. Example 1: The gradient of the objective function ∇F (x) =∑
i∇fi(xi) with time for various exponents µ1, µ2.

3 4 5 6 7 8 9 10
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0

Fig. 6. Example 1: Max. difference between the states and the optimal
point, max(|xi − x∗|), with time for various exponents µ1, µ2.

and µ2 = l2 = ν2. Figures 5 and 6 illustrate the variation of
∇F (x) and xi − x∗ for 11 sets of µ1, µ2 varying uniformly
between [1.00, 1.4] and [0.6, 0.1]. As expected, the convergence
time goes down, and the rate of convergence (the slope of the
curve) goes up, as µ1 increases and µ2 decreases. Observe that
in Figures 5 and 6, for µ1 = µ2 = 1, the convergence is linear
on the log−scale, which translates to exponential convergence,
while those for µ1 >,µ2 < 1 are super-linear.

While optimization methods in continuous-time are important
and have major theoretical relevance, sampling constraints may
preclude continuous-time acquisition and updating. In [24],
the authors prescribed a consistent discretization scheme that
preserves the property of fixed-time convergence to an arbitrary
small neighborhood of the equilibrium point, independent
of the initial condition. One of the research avenues is
to expand these results to more general class of FTS and
FxTS systems, so that these results can be applied to the
optimization schemes described here to obtain the solution
in finite number of steps. We, therefore, empirically evaluate
discrete-time implementation of Algorithm 1 using forward-
Euler discretization scheme for Example 2 for a range of
step-sizes dt.

Figure 7 shows the performance of the proposed algorithm
for various discretization step dt. Table I lists the wall-clock
times for various discretization steps. It can be seen that
the performance of the proposed method, both in terms of
convergence behaviour and wall-clock time per iteration, does
not depend upon the discretization step when dt < 10−3.
Note that the total number of iterations increases as step
size is decreased but the convergence error is not improved
significantly. Furthermore, wall-clock time for convergence to
true solution with dt = 10−3 is well within the theoretical
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Fig. 7. Example 2: Maximum difference between the states and the optimal
point max ‖xi − x∗‖ with time for various discretization step dt.

maximum of 10.62 units. This illustrates that the proposed
method can be used with Euler discretization with moderately
small discretization step, without affecting the performance or
the actual time of computation.

TABLE I
Wall-clock (wc) time for various discretization step-size.

dt iterations wc time time / iteration error
1× 10−3 1000 2.13 0.0021 1.11 10−3

5× 10−4 2000 4.50 0.0023 1.10 10−3

1× 10−4 10000 21.52 0.0022 1.10 10−3

5× 10−5 20000 43.17 0.0022 1.09 10−3

1× 10−5 100000 215.82 0.0022 1.09 10−3

VI. CONCLUSIONS

In this paper, we presented a scheme to solve a distributed
convex optimization problem for continuous time multi-agent
systems with fixed-time convergence guarantees. We showed
that even when the communication topology of the network
varies with time, consensus on the state values as well as
the gradient and the hessian of the function values can be
achieved in a fixed time. We then utilized this knowledge
to find the optimum of the objective function. It is shown
that each aspect of the algorithm, the consensus on the
crucial information and convergence on the optimal value,
are achieved in fixed time. In this paper, we considered
unconstrained distributed optimization. Future work involves
investigating methods of distributed optimization with fixed-
time convergence guarantees with convex constraints, and
incorporating private (non-uniform) gains between agents in
the distributed protocol.
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